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Elasticity Approach for Delamination Buckling
of Composite Beam Plates

Haozhong Gu¤ and Aditi Chattopadhyay†
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An elasticity-theory-based approach is developed for delamination buckling of simply supported composite
laminates whose behavior is referred to as cylindrical bending. The approach ensures an accurate description of
the transverse shear and the transverse normal effects in delamination buckling of composite plates. The uniform
prebuckling stress assumption, which is comparable to the membrane assumption used in plate theories, is made
for deriving the elasticity-theory-based buckling equations. The closed-form expressions for the displacements
and stresses are derived, and the nonlinear eigenvalue equations that are used to solve for critical loads are
presented. The results obtained from the elasticity solution are compared with the critical loads furnished by the
existing classical laminate theory and a previously developed higher-order shear deformation theory. The solution
provides a means of accurate assessment of existing plate theories used in delamination buckling problems.

I. Introduction

D ELAMINATION bucklingof anisotropicplates and laminated
composite plates is usually analyzed by using approximate

laminated plate theories based on either the classical Kirchhoff–
Love hypothesisof nondeformablenormals and transverseshears1– 5

or the re� ned displacement � eld accounting for the effects of trans-
verse shear deformation or normal stress.6 – 9 The major limitation
of these laminated plate theories in the description of laminate re-
sponse is the approximation of in-plane displacements through the
thickness, particularly for laminates in which the stiffness proper-
ties vary dramatically from layer to layer. Other important limiting
factors are the presence of boundary conditions in the plate theo-
ries that precludes the precise calculationof boundary-layereffects
implied by the hypothesis of plate theories. Finally, the assumption
of a state of plane stress in the constitutive relations eliminates the
possibility of rigorous calculation of interlaminar stresses.

To assess the validity of these approximate theories, rigorous
analytical solutions based on the exact theory of elasticity should
be obtained for plate problems that are amenable to such analy-
sis. Such benchmark elasticity solutions are valuable for laminated
composite plates with inherent anisotropy in material and inherent
inhomogeneityamong the different layers.The anisotropyand inho-
mogeneity lead to considerablewarping of the normal to the middle
surface of the plate and cause abrupt variations of stresses at the
interfaces of the laminate.

A numberof elasticitysolutionsare availablefor compositeplates
without delamination subjected to a transverse load distribution.
Pagano10 � rst analyzed the cylindrical bending of a simply sup-
ported composite laminate under sinusoidal transverse loads. Later
investigations include bending of � nite rectangular plates,11;12 off-
axial layers,13 ;14 and localized loading.15 These elasticity solutions
have enabled us to quantify the errors associated with various lam-
inated plate theories. Recently Chattopadhyay and Gu16 obtained
the exact elasticity solution to characterize delamination buckling
of orthotropicplates and composite laminateswithoutdelamination.
However,no researchhasbeenreportedto date for solvingdelamina-
tion problems in compositesby using the elasticityapproach.This is
obviouslydue to the greater complexity of the governingequations.
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Toward this objective, an elasticity solution is presented for de-
laminationbucklingof simply supportedorthotropicplates and lam-
inated composite plates whose behavior is referred to as cylindrical
bending in this paper. Results are presented for anisotropic lami-
nates with various stacking sequences. The in� uence of delamina-
tion lengths and locations on the critical buckling load is also stud-
ied. Finally, the accuracy of the classical lamination theory3 and a
previously developed higher-order shear deformation theory,16 for
delamination buckling, is studied by comparing their results with
those obtained using the elasticity-basedapproach. The developed
approach therefore serves as a tool to assess the accuracy of the
existing approaches. Comparisons are made for composites with
moderately thick and thick constructions. The cylindrical bending
behaviorand theuniformprebucklingstress assumptionimplies that
the current model can be properly used in the cases with symmetric
and cross-ply composites.

II. Formulation
A. Buckling Equation

To derive the elasticity-theory-based bucklingequations,the non-
linear strain-displacementrelationneeds to be considered.The two-
dimensionalnonlinearstrain-displacementrelationcanbe expressed
as

"®¯ D 1
2 .u®;¯ C u¯;® C u°;®u°;¯ /; ®; ¯; ° D 1; 2 .1/

where "®¯ are the strain components,u° are the displacements,and a
comma denotes partial differentiationwith respect to the index that
follows. A set of equilibrium equations and associated boundary
conditions can also be derived using a variational principle:

±5 D
A

¾®¯ ±"®¯ dA¡
S

p° ±u° dS D
A

¾®¯ .±u®;¯Cu°;®±u°;¯ / dA

¡
S

p° ±u° dS D
A

[¾®¯.±° ® C u°;®/];¯ ±u° dA

¡
S

[¾®¯ .±° ® C u°;® /n¯ ¡ p° ]±u° dS (2)

where A and S denote the area and the boundary of the two-
dimensional elastic body, respectively.Quantities ¾®¯ are the stress
components,and n¯ is the normal vector at the boundary.This leads
to the following equilibrium equations:

[¾®¯ .±° ® C u° ;®/];¯ D 0 .3/

and the associated boundary conditions

¾®¯ .±° ® C u°;®/n¯ D p° or u° D 0 .4/
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At thecriticalload,thereare two possiblein� nitelyclosepositions
of equilibrium.Usinga superscript0 to denotethecomponentsof the
stressesor the displacementscorrespondingto the primary position,
a perturbed position is de� ned as follows:

¾®¯ D ¾ 0
®¯ C ®¾ 1

®¯ ; u° D u0
° C ®u1

° .5/

where ® is an in� nitesimallysmall quantity and ®. /1 are the stresses
or the displacements necessary to shift from the initial position of
equilibrium to the new equilibrium position. Substituting Eq. (5)
into Eq. (4) and linearizing the obtained equations, one can derive
the buckling equations and the associated boundary conditions

¾®¯ ±° ® C u0
°;® C ¾ 0

®¯ u°;® ;¯
D 0 (6)

¾®¯ ±° ® C u0
°;® C ¾ 0

®¯ u°;® n¯ D 0 or u° D 0 (7)

where the superscripts 1 are removed for simpli� cation. The equi-
librium equations and boundary conditions for a prebuckling state
are as follows:

¾ 0
®¯;¯ D 0 (8)

¾ 0
®¯ n¯ D p® or u0

° D 0 (9)

For composite plates subjected to in-plane load with the coordinate
system described in Fig. 1, the preceding prebuckling equilibrium
equations and the associated boundary conditions can be rewritten
in the following form:

¾ 0
x ;x C ¿ 0

x z;z D 0; ¿ 0
x z;x C ¾ 0

z;z D 0 (10)

¾ 0
x D ¡p; ¿ 0

x z D 0 at x D L=2; L=2
(11)

¾ 0
z D ¿ 0

x z D 0 at z D ¡h=2; h=2

or

u0 D w0 D 0

For single-layered orthotropic plates and composite plates with
unidirectional layers, the prebuckling stress can be solved from
Eqs. (10) and (11) exactly:

¾ 0
x D ¡p; ¾ 0

z D ¿ 0
x z D 0 .12/

For multilayered composite plates with different orientations,
Eqs. (10) are valid in each individual layer. However, the stress
boundary conditions ¾ 0

z D ¿ 0
x z D 0 are true only at plate surfaces.

Prebuckling stresses¾ 0
z and ¿ 0

x z are no longer zero at the layer inter-
faces. This results in a very complicated set of equations governing

Fig. 1 Geometry of the composites with delamination.

the prebuckling state. Also it leads to unsolvable buckling equa-
tions. Therefore, the assumption of the uniform prebuckling stress
state is made in this paper, which enforces the solution in Eqs. (12)
to be valid for prebuckling states in multilayered composite plates.
This assumption is comparable to the membrane prebuckling state
assumed in plate theories.Next, by employing the exact constitutive
equations for any orthotropic layer whose material axes are parallel
to the geometric axes,
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the displacements for the prebuckling state are derived as follows:

u0
;x D ¡

C 0
33

C 0
11C

0
33 ¡ C 02

13

p; w0
;z D ¡

C 0
13

C 0
11C

0
33 ¡ C 02

13

p

(14)
u0

;z D w0
;x D 0

in which the reducedstiffnesscoef� cientsforplanestrainC 0
i j .i; j D

1, 3) can be derived from the general three-dimensional constitu-
tive equations in terms of Ci j . The prebuckling state of the two-
dimensional elastic body is therefore determined.

Introducing constitutive equations [Eqs. (13)] into the buckling
equations [Eqs. (6)] and using determined prebuckling stresses and
displacements [Eqs. (12) and (14)], one obtains the buckling equa-
tions in terms of displacements:

³
1 ¡

C 0
33

C 0
11C 0

33 ¡ C 02
13

p

´
[C 0

11u;x x C C 0
55u ;zz C .C 0

13 C C 0
55/w;x z]

¡ pu;x x D 0
(15)³

1 C
C 0
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11C 0

33 ¡ C 02
13
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´
[.C 0

13 C C 0
55/u ;xz C C 0

55w;x x C C 0
33w;zz]

¡ pw;x x D 0

or

w;zzzz ¡ aw;x x zz C bw;x x x x D 0 .16a/

with

a D
1

C 0
33C

0
55

C 0
11C

0
33 ¡ C 02

13 ¡ 2C 0
13 C C 0

55

¡
C 0

33 p

1 ¡ C 0
33 p C 0

11C 0
33 ¡ C 02

13

¡
C 0

55 p

1 C C 0
13 p C 0

11C 0
33 ¡ C 02

13

(16b)

b D 1
C 0

33C
0
55

C 0
11 ¡

p

1 ¡ C 0
33 p C 0

11C
0
33 ¡ C 02

13

£ C 0
55 ¡

p

1 C C 0
13 p C 0

11C
0
33 ¡ C 02

13

Equations (16) are the buckling equations used in this paper. The
associated boundary conditions described in Eqs. (7) can also be
rewritten in the following form:

¾x 1 C u0
;x ¡ pu;x D 0; ¿x z 1 C w0

;z ¡ pw;x D 0

at x D ¡L=2; L=2 (17a)

¿x z D 0; ¾z D 0 at z D ¡h=2; h=2

or

u D w D 0
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or in terms of displacements

C 0
11 ¡

p

1 ¡ C 0
33 p C 0

11C
0
33 ¡ C 02

13

u;x C C 0
13w;z D 0

C 0
55u;z C C 0

55 ¡
p

1 ¡ C 0
33 p C 0

11C
0
33 ¡ C 02

13

w;x D 0

(17b)

at x D ¡
L

2
;

L

2

u ;z C w;x D 0; C 0
13u;x C C 0

33w;z D 0 at z D ¡
h

2
;

h

2

or

u D w D 0

B. Assumed Solution
For composite laminates with delamination,it is assumed that the

delaminationseparatesthe laminateacross lengthand thicknessinto
three regions(see Fig. 1), the perfect regionor undelaminatedregion
(region p), the delaminated layer (region d), and the sublaminate
(region s). Therefore, in each one of these regions the elasticity
approach derived for plates without delamination is applicable. A
key issue associated with the delamination buckling problem is the
solution formulation in each region. For simply supportedplates in
the region without delamination .p/, the boundary conditions for
the buckling state are given by

C 0
11 ¡

p

1 ¡ C 0
33 p C 0

11C
0
33 ¡ C 02

13

u;x C C 0
13w;z D 0

at x D ¡
L

2
;

L

2
(18)

w D 0

where L is the length of the plate. Therefore the assumed solution
form for the de� ection in the region without delamination, wp , is
written as

wp D f p.z/ cos qp x; ¯L=2 · jx j · L=2 .19/

where f p.z/ is an unknown function of z and the quantity qp is
de� ned as follows:

qp D qp.n/ D n¼=L .20/

Note that for the beam plate the lowest critical buckling load is
alwaysaccompaniedby a singlehalf-bucklingwave, n D 1. Solution
forms for thede� ectionsin thedelaminationregionsfordelaminated
layer .d/, wd , and sublaminate .s/, ws , are assumed to be effectively
expressed by two terms that represent the solutions of the buckling
problem for the Euler–Bernouli beam in a symmetric case:

wd D fd.z/ cosqd x C Bd ; h1 · z · h=2
jx j · L=2 (21)

ws D fs.z/ cos qs x C Bs; ¡h=2 · z · h1

where Bd and Bs are unknown constants, fd.z/ and fs .z/ are un-
known functions of z describing the behavior of the delaminated
layer and the sublaminate, and the quantities qd and qs are de� ned
as

qd D qd .kd/ D kd¼=¯L; qs D qs .ks/ D ks ¼=¯L .22/

where kd and ks are unknown constants. The buckling equation,
which is satis� ed by these assumed solutions, can be written as

f .4/
t .z/ ¡ 2at .C

0
i j ; p/q2

t f 00
t .z/ C bt .C

0
i j ; p/q4

t ft .z/ D 0

t D p; d; s (23a)

where the forms of parameters at and bt are expressed as

at D 1

2C 0
33C 0

55

C 0
11C

0
33 ¡ C 02

13 ¡ 2C 0
13 C C 0

55

¡
C 0

33 p

1 ¡ C 0
33 p C 0

11C 0
33 ¡ C 02

13

¡
C 0

55 p

1 C C 0
13 p C 0

11C 0
33 ¡ C 02

13

(23b)

bt D 1
C 0

33C
0
55

C 0
11 ¡

p

1 ¡ C 0
33 p C 0

11C
0
33 ¡ C 02

13

£ C 0
55 ¡

p

1 C C 0
13 p C 0

11C
0
33 ¡ C 02

13

The solutions of the unknown functions ft .z/ are written as

ft .z/ D
4

j D 1

At
j exp m t

j z ; t D p; d; s .24/

where At
j are constants,providedthatm t

j are all distinct.The various
values m t

j are given by

m t
1

m t
2

D §qt at C a2
t ¡ bt ;

m t
3

m t
4

D §qt at ¡ a2
t ¡ bt

(25)
The solutions for the in-plane displacement u t .t D d; s/ in the

delaminationregions,for thedelaminatedlayerand the sublaminate,
can be obtained as follows:

u t D gt .z/ sin qt x C Dt x; t D p; d; s .26/

where Dt is the unknown constant and gt .z/ is a function of z that
describesthe behaviorof the delaminatedlayer and the sublaminate,

gt .z/ D
4

j D 1

E t
j exp m t

j z ; t D p; d; s .27/

where E t
j are constants that can be expressed by At

j and C 0
i j , and

the quantities m t
j are described in Eq. (25). The displacement and

stress components now take the form

wt D cos qt x
4

j D 1

At
j exp m t

j z C Bt

ut D 1
.C 0

13 C C 0
55/

4

j D 1

C 0
33m t

j

¡ C 0
55 ¡

p

1 C C 0
13 p C 0

11C
0
33 ¡ C 02

13
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m t
j

£ At
j exp m t

j z sinqt x C Dt x; t D p; d; s

¾ t
x D

4

j D 1

C 0
13m t
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11qt

C 0
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C 0
33m

t
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¡ C 0
55 ¡

p

1 C C 0
13 p C 0
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0
33 ¡ C 02
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m t
j
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j z cosqt x C C 0
11 Dt

¾ t
z D

4

j D 1

C 0
33m t

j C
C 0

13qt

C 0
13 C C 0

55

C 0
33m

t
j

¡ C 0
55 ¡

p

1 C C 0
13 p C 0
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0
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£ At
j exp m t

j z cosqt x C C 0
13 Dt
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¿ t
x z D C 0

55

4

j D 1

1
C 0

13 C C 0
55

C 0
33m t2

j

¡ C 0
55 ¡

p

1 C C 0
13 p= C 0

11C 0
33 ¡ C 02

13

qt ¡ qt

£ At
j exp m t

j z sinqt x (28)

It must be noted that the solutions in Eqs. (28) satisfy the boundary
condition written in Eqs. (18). The remaining stress-free boundary
conditions at the top and the bottom surfaces and the delamination
interface, for the buckling state, are described by Eqs. (17):

¾z.x; 0/ D ¿x z.x; 0/ D 0

¾z.x; h/ D ¿x z.x; h/ D 0
¡L=2 · x · L=2

¾z.x; h¡
1 / D ¿x z.x; h¡

1 / D 0

¾z.x; hC
1 / D ¿x z.x; hC

1 / D 0
¡¯L=2 · x · ¯L=2

.29/

where h is the plate thickness;h1 denotes the delaminationposition
along the z direction (see Fig. 1), and the superscripts C and ¡
indicate quantities related to the buckling layer and sublaminate
layer, respectively.

C. Continuity Equation
Because the continuity of displacements between the region

with delamination and the region without delamination cannot be
matchedexactly,it is now assumed that these conditionsare satis� ed
in an average sense as follows:

h1

0

us jx D ¯ L=2 dz D
h1

0

u pjx D ¯ L=2 dz

h1

0

ws jx D ¯ L=2 dz D
h1

0

w pjx D ¯ L=2 dz

(30)
h

h1

ud jx D ¯ L=2 dz D
h

h1

u pjx D ¯ L=2 dz

h

h1

wd jx D ¯ L=2 dz D
h

h1

w pjx D ¯ L=2 dz

where h1 is the position of the delamination in the z direction (see
Fig. 1).

To establish continuity of traction and displacement at the inter-
faces between layers, excluding the delamination interface where
(¡¯L=2 · x · ¯L=2; z D h1), the following conditions must be
satis� ed in local coordinates:

¿ .i/
x z .x; h i / D ¿ .i C 1/

x z .x; 0/; ¾ .i/
z .x; hi / D ¾ .i C 1/

z .x; 0/

u.i/.x; h i / D u.i C 1/.x; 0/; w.i /.x; hi / D w.i C 1/.x; 0/

i D 1; 2; : : : ; m ¡ 1 (31)

where the quantity h i denotes the thickness of the i th layer (i D
1; 2; : : : ; m, where m is the number of layers) and

h D
m

i D 1

h i

is the total plate thickness. The superscript i is used to identify
quantities in the i th layer.

If the unknown constants kd and ks are provided, Eqs. (19–21)
constitute a nonlinear eigenvalue problem for algebraic equations,
with p as the parameter. The general form of this nonlinear eigen-
value problem is expressed as

A.p/a D 0 .32/

where vector a consists of the undetermined constants At
j , Bt , and

Dt . Using the Taylor series expansion, one can write Eq. (22) as
follows:

A0 ¡ pA1 ¡ p2A2 ¡ ¢ ¢ ¢ ¡ pkAk ¡ ¢ ¢ ¢ a D 0 .33/

To solve for the constants kd and ks , the continuity of rotations
between the region with delamination and the region without

delamination is required. The conditions are also satis� ed in the
average sense. According to the theory of elasticity, the continuity
of rotations can be written as

h1

0

³
@us

@z
¡ @ws

@x

´

x D ¯ L=2

dz D
h1

0

³
@u p

@z
¡ @wp

@x

´

x D ¯ L=2

dz

(34)
h

h1

³
@ud

@z
¡

@wd

@x

´

x D ¯ L=2

dz D
h

h1

³
@u p

@z
¡

@w p

@x

´

x D ¯ L=2

dz

D. Iterative Procedure
An iterative method is employed to solve the delaminationbuck-

ling problem as follows.
1) Set initial values of kd0 and ks0 .
2) Solve the eigenvalue problem for .p; a/ using Eq. (33). The

symbolic manipulation software Mathematica is used to derive the
symbolic form of det A D 0 with respect to eigenvalue(critical load)
p. Solve for p and the eigenvector a.

3) Use the continuity equation of rotation described in Eq. (34)
to obtain 1kdi and 1ksi .

4) Check criterion for convergence (1kd i=kdi · 10¡N ; 1ksi =
ksi · 10¡N , where N is an integer). If they arenot satis� ed, go to step
5; if they are satis� ed, stop the iteration procedures and solutions
are obtained.

5) Use equations kd .i C 1/ D kdi C 1kdi and ks.i C 1/ D ksi C 1ksi

to obtain new values to start another iteration (go to step 2).
It must be noted that once the good initial values kd0 and ks0 are

provided, which are close to the value of 2 (implying they are close
to clamped boundary conditions), the iteration procedure normally
converges.

III. Results and Discussion
As an illustrative example, the critical load was determined for

a delaminated unidirectionalcomposite plate with various delami-
nation lengths. The material properties (typical for graphite/epoxy
composites) are listed next, where L signi� es the direction parallel
to the � bers, T is the transverse direction, and ºLT is the Poisson
ratio measuring strain in the transversedirectionunder uniaxialnor-
mal stress in the L direction: EL D 25 £ 106 psi, ET D 106 psi,
G LT D 0:5£106 psi, GT T D 0:2 £106 psi, and ºLT D ºT T D 0:25.

Here the quantity h1=h (see Fig. 1) represents the location of
the delamination along the thickness. A larger value of this ratio
indicates a near-surface delamination. The ratio also indicates the
relative thickness of the delaminated layer, de� ned in region d in
Fig. 1, to the plate thickness. The larger the ratio, the thinner the
delaminated layer. Therefore, the case with a large ratio of h1=h
will be referred to as the thin delamination case and the case with
a small ratio will be referred to as the thick delamination case. The
plate in this example is thick L=h D 10, and the delaminated layer
is relatively thin .h1=h D 0:9/.

Figure 2 presents the critical loads, which are normalizedwith re-
spect to the value calculatedby the classical laminate theory (CLT).

Fig. 2 Variation of critical load with delamination length ¯ for unidi-
rectional composites; h1 /h = 0:9 and L/h = 10.
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Comparisonsare made between the solutionobtainedfrom the elas-
ticity theory and those obtainedusing the classical laminate theory3

and the higher-ordertheory6 for a wide rangeof delaminationlength
¯ . It is seen, from Fig. 2, that although the CLT exhibits a signi� -
cant deviation,the results of the new higher-ordertheory show good
agreement with those using the elasticity solution over the entire
range of the delamination length. Because the higher-order theory
does not account for the transverse normal effect, this agreement
indicatesthat the transversenormal effect is negligiblein the delam-
ination bucklingproblem of simply supportedunidirectionalplates.
This agrees with the observation made by the authors in address-
ing bucklingof compositeplates without delamination.16 Moreover,
the numbers of the half-buckling wave in delaminated regions, kd

and ks , are varied over the entire range of the delamination length.
With long delamination length, they are close to 2. For example, in
the case of ¯ D 0:8, the values are kd D 1:985 and ks D 1:992. This
indicates that the delaminated layer and the sublaminate de� ect in
differentways and their conditionsat the region interfacesare close
to clamped boundary conditions.Therefore, the delaminationbuck-
ling in this case is governed by a local buckling mode. With short
delamination length, they are a little bit away from 2. In the case of
¯ D 0:2, the values are kd D 1:927 and ks D 1:926. The very close
values of kd and ks indicate that the delaminated layer and the sub-
laminate de� ect together in the delaminated region where they are
governed by the global buckling mode. The curves of normalized
critical load vs length to thickness ratio L=h are plotted in Fig. 3
for comparing the results of the elasticity solution with those from
other theories. Once again, signi� cant deviation is observed in the
case of the CLT, and the higher-order theory agrees very well with
the elasticity solution over the complete range of the L=h values.

Next, results are obtained for [05=9010=05] graphite/epoxy com-
posite laminates and are compared with those obtained using the
laminatedplate theoriesdescribedearlier.Comparisonsof the trans-
versesheareffecton thenormalizedcritical load,with changesin the
magnitudeof the delaminationlength,are presented in Fig. 4 for the

Fig. 3 Comparison of critical load with changes in length-to-thickness
ratio (L/h) for unidirectional composites; h1/h = 0:9.

Fig. 4 Variation of critical load with delamination length ¯ for [05/
9010/05] composites; h1 /h = 0:9 and L/h = 10.

relatively thin delamination layer (h1=h D 0:9). Signi� cantly larger
deviations are observed not only between the results of the elastic-
ity solution and the CLT; differencesare also observed between the
resultsof the elasticitysolutionand the higher-ordertheory.This im-
plies that the complexity of transverse shear and transverse normal
stress distributions in composites stacked by layers with different
angles produces more transverse effects in delamination buckling.
It is also seen from the � gure that the transverse shear effect be-
comes smaller as the delamination length increases. This is due to
the fact that, with the increase in delamination length, local buck-
ing of the delaminated layer becomes dominant, which causes the
local length-to-thicknessratio to be larger. Therefore the transverse
shear effect decreases. These phenomena are very similar to those
indicated in previous studies by Chattopadhyayand Gu.9

The variations of the normalized critical load, with changes in
length-to-thicknessratio, are presented in Figs. 5 and 6 for different
delamination lengths (¯ D 0:2 and 0.5) but � xed delamination lo-
cation (h1=h D 0:9). As seen from these two � gures, at lower values
of L=h, large deviations are observed between the elasticity solu-
tion and the CLT. The developed higher-order theory shows good
agreement with the elasticity solution for thin and moderately thick
laminates. However, for thick laminates (L=h < 10), even the de-
veloped higher-order theory exhibits noticeable deviation from the
elasticity solution. For example, at L=h D 8, the critical load pre-
dicted by the developedhigher-ordertheory is approximately9 and
3.5% higher than predictions from the elasticity solution for the
shorter and longer delaminations, respectively.The shorter the de-
lamination, the larger the transverse shear effect. This phenomenon
is very different from what is observed in unidirectionalcomposite
plates (see Fig. 2). This is largely due to the complexity of trans-
verse shear and normal stress distributions in cross-ply laminates.
Figures 5 and 6 also show that the three solutions converge more
rapidly with the increase in the length-to-thicknessratio for longer

Fig. 5 Variation of critical load with changes in length-to-thickness
ratio (L/h) for [05/9010 /05] composites; h1 /h = 0:9 and ¯ = 0:2.

Fig. 6 Variation of critical load with changes in length-to-thickness
ratio (L/h) for [05/9010 /05] composites; h1 /h = 0:9 and ¯ = 0:5.
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Fig. 7 Variation of critical load with delamination length ¯ for
[05/9010 /05] composites; h1 /h = 0:8.

delaminations. The observation agrees with the preceding discus-
sion on the effects of delamination buckling modes.

An example for a thicker delamination .h1=h D 0:8/ is also ex-
amined. The stacking sequence for the example is [05=9010=05],
and the plate is thick (L=h D 10). The variations of the critical
loads with delamination length are presented in Fig. 7. Once again,
the transverse shear effect becomes smaller as the delamination
length increases. However, more deviation is observed for longer
delamination (¯ > 0:35) in this case, compared with that exhib-
ited by the thinner delamination case (see Fig. 4). The explanation
for this phenomenon is a combination of the intrinsic character for
the thicker delamination. The � rst is the slower transition from the
global buckling mode to the local delamination buckling mode for
the thicker delamination. The second is the increase in the local
length-to-thicknessratio for the local delamination buckling mode
with the thickerdelamination.These two factorseventuallyincrease
the transverseeffect for the delaminationbucklingload in the thicker
delamination case.

In all examples, results calculated using the previously devel-
oped higher-order theory agree very well with those obtained from
the present elasticity solution for thin and moderately thick delam-
inated composite plates. For thick plates, results calculated using
the higher-order theory show much smaller deviations than those
of the elasticity solution, compared with the classical laminate the-
ory. Because the elasticity solution can be expensive for practical
engineeringproblems (the size of the nonlinear eigenvalueproblem
in the elasticity solution depends upon the number of layers), the
developedhigher-ordertheory is therefore more suitable for delam-
ination buckling analysis of thin and moderately thick composite
plates in engineering practice.

IV. Concluding Remarks
In conclusion,an elasticity-theory-based approach has been pre-

sented for delaminationbuckling of composite laminates consisting
of arbitrarynumbersof orthotropiclayerswhose behavioris referred
to as cylindrical bending. Because the solutions are exact in each
de� ned region within the assumptions of linear elasticity, they are
free from the simplifying assumptions imposed by the laminated
plate theories.Therefore there are no distinctionsbetween thick and
thin plates, and transverse shear deformation and transversenormal
deformation are automatically taken into account. The following
speci� c observationshave been made.

1) The developed elasticity approach provides the means of as-
sessing the validity of the CLT and other laminated plate theories

for the delaminationbuckling problem. It also provides insight into
the basic assumptions required in the formulation of more general
theories for composite laminates.

2)The solutionsusinga developedhigher-ordertheoryfor thecrit-
ical load converge to the elasticity solutionwith much smaller errors
(less than 9%) in all examples treatedearlier,whereas solutionsfrom
CLT show an error of more than 100% for thick laminates.Based on
the evidence presented here, the use of the developed higher-order
theory in the elastic design, especially for moderately thick and thin
laminates, appears adequate.

3) For the delamination problem, the transverse shear effect
becomes smaller as the delamination length increases due to the
changes in delamination buckling modes.
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